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Weighing Matries and Self-Orthogonal QuaternaryCodesChris Charnes and Jennifer SeberryDepartment of Computer Siene and Software Engineering,University of Melbourne,Parkville, Vi, 3052, Australia.Centre for Computer Seurity Researh,Shool of Information Tehnology and Computer Siene,University of Wollongong,Wollongong, NSW, 2522, Australia.AbstratWe onsider families of linear self-orthogonal and self-dual odes over the ring Z4 whihare generated by weighing matries W (n; k) k  0 (mod 4), whose entries are interpretedas elements of the ring Z4. We obtain binary formally self-dual odes of minimal Hammingdistane 4 by applying the Gray map to the quaternary odes generated by W (n; 4).Key Words and Phrases: weighing matrix, generator matrix, odes AMS Subjet Classia-tion: 05B20.1 IntrodutionA weighing matrix W = W (n; k) is a square matrix with rational entries 0, 1, having k non-zero entries per row and olumn and inner produt of distint rows zero. Hene W satisesWW T = kIn, and W is equivalent to an orthogonal design OD(n; k). The number k is alledthe weight of W .Weighing matries have long been studied beause of their use in weighing experiments asrst studied by Hotelling [11℄ and later by Raghavarao [12℄ and others [6, 14℄.There has reently been a large amount of researh devoted to self-orthogonal and self-dual odes over the ring Z4, e.g. [1, 5, 13, 2℄. Patrik Sole's remark that the orthogonalityof Hadamard matries an be naturally interpreted as Z4-orthogonality was investigated in [4℄.There self-orthogonal and self-dual quaternary odes were obtained from equivalene lasses ofHadamard matries. In this paper we observe that the rational entries of weighing matriesan be similarly replaed by the orresponding elements of Z4. This proedure produes self-orthogonal and self-dual quaternary odes from weighing matries (see Lemma 2).Two onstrutions of self-orthogonal quaternary odes from weighing matries are given inLemma 2. We study in some detail the quaternary odes whih arise by one of these onstrutionsfrom weighing matries W (n; 4). These odes oinide with the tetrad odes of Conway andSloane [5℄. Although the strutural omponents of self-orthogonal tetrad odes are known, it1
seems that the matries W (n; 4) provide a means of putting together these omponents so thatthey form self-dual odes.The binary image under the Gray map of the quaternary odes generated by the W (n; 4) isnot always a linear ode. But in those ases in whih it is linear we obtain [2n; n; 4℄ odes whihare formally self-dual (see Setion 6). For n = 6 and 8, this method yields extremal formallyself-dual odes [7℄.2 Preliminary ResultsLemma 1 Suppose W = W (n; k) is a (0;1) weighing matrix of order n. Then the matrix,W (4), obtained from W by replaing all the  1s by `3' satises W (4)W (4)T = kIn (mod 4)and has its distint row vetors orthogonal over Z4.Proof. Suppose a and b are two distint row vetors of W . Nowa  b = 0 = a(1)2 + b( 1)2 + (1)( 1) + d( 1)(1) + e  0where a is the number of oordinates in whih both a and b are `1', b is the number of oordinatesin whih both a and b are ` 1',  is the number of oordinates in whih a is `1' and b is ` 1', dis the number of oordinates in whih a is ` 1' and b is `1', and e is the number of oordinatesin whih at least one of a and b is zero. Henea+ b+ + d = n and a+ b    d = 0so a+ b = + d:We now replae eah ` 1' by `3' to get vetors a0 from a and b0 from b. Thena0  b0 = a(1)2 + b(3)2 + (1)(3) + d(3)(1) + e  0 a+ b+ 3+ 3d(mod 4) 4a+ 4b(mod 4) 0(mod 4)Thus the row vetors are orthogonal over Z4.Lemma 2 Let W (4) be the matrix obtained from a (0;1) W (n; k), k 0 (mod 4) by replaingall the  1s by `3'. Then the following matries are generator matries for self-orthogonal odesover Z4.1) [W (4)℄;2) [2In W (4)℄. 2
Proof. Sine W (4)W (4)T = kIn(mod 4) and k  0(mod 4), W (4)W (4)T = 0(mod 4). Theseond result follows also as 4IIT  0(mod 4).Lemma 3 For every n > 3 every ode onstruted from a W (n; 4) is equivalent to a odeontaining the all `2's vetor.Proof. Chan, Rodger and Seberry [3℄ show that every weighing matrix of weight four isequivalent using the operations permute rows and or olumns and/or multiply rows and olumnsby  1 to M|{z}a opiesW (4; 4)  M|{z}b opiesB(8; 4) M|{z} opiesW (7; 4)  M|{z}i opies( M|{z}ti opiesC(6 + 2ti; 4)):We now observe that W (4; 4) and W(7,4) an be written as26664 - 1 1 11 - 1 11 1 - 11 1 1 - 37775 and
266666666664
- 1 1 0 1 0 00 - 1 1 0 1 00 0 - 1 1 0 11 0 0 - 1 1 01 1 0 0 - 1 10 1 1 0 0 - 11 0 1 1 0 0 -
377777777775 ;both of whih have three `1's and one ` 1' in eah row and olumn. The B(8; 4) an be writtenas 26666666666664
  1 1 1 0 0 0 01 1 0 0 1   0 01 0 1 0 0 1   01 0 0 1   0 1 00 1 0     0 0  0   1 0 0   0  0 0   1 0 0    0 0 0 0       1
37777777777775 ;whih has either one or three elements ` ' in eah row and olumn. The C(4m; 4) and C(4m+2; 4) an be written as
3
266666666666666666666666666664
  1 1 11   1 11 1 0 0   11 1 0 0 1    1 1 11   1 11 11 1. .. .. .. 1 1. 1 11 1 1  1 1   1
377777777777777777777777777775
;
or 2666666666666666666666666666666664
  1 1 11   1 11 1 0 0   11 1 0 0 1    1 1 11   1 11 1   11 1 1    11  . .. .. ..   1. 1    1 1 11   1 1
3777777777777777777777777777777775
;
so it has the same property.We now see if we make a ode over Z4 by writing 3 in plae of ` ' the olumn (row) sum ofeah olumn (row) is 6 or 10. So the all two's vetor is in any ode based on these four basibloks.Example 1 The quaternary ode with generator matrix
4
266666664 0 1 1 0 1 31 0 1 3 0 11 1 0 1 3 00 3 1 0 3 31 0 3 3 0 33 1 0 3 3 0
377777775is a self-dual ode of type 424. Its Gray image is a linear binary ode (see Setion 5). It is aformally self-dual [12; 6; 4℄ ode with Hamming weight enumeratorW (x; y) = x12 + 15x8y4 + 32x6y6 + 15x4y8 + y12and generator matrix 266666664 1 0 0 0 0 1 0 1 0 0 0 10 1 0 0 0 1 0 1 1 1 1 00 0 1 0 0 1 0 0 1 0 1 00 0 0 1 0 1 0 0 0 1 1 00 0 0 0 1 1 0 0 0 0 1 10 0 0 0 0 0 1 1 1 1 1 1
377777775 :The binary image is an isodual ode { equivalent to its dual. It is an extremal formallyself-dual (f.s.d.) ode as it meets the bounddf:s:d  2jn8 k+ 2(see Fields, Gaborit, Human and Pless [7℄). It appears not have been previously notied thatthis ode attains the upper bound for the minimum Lee distane of self-dual quaternary odesdL  2jn4 k+ 1:The only other quaternary ode whih is known to attain this bound is the otaode O8 (see[2℄).3 Tetrad odesConway and Sloane [5℄ lassied the self-orthogonal quaternary odes whih are generated bytetrads. From now on we shall onsider the quaternary odes generated by W (n; 4) (f. W (4)Lemma 2). A tetrad is a vetor whih ontains four omponents ongruent to 1 or 3 (mod 4),the other omponents being ongruent to 0 (mod 4). Evidently the row vetors of the weighingmatries W (n; 4) are tetrads hene we obtainProposition 1 The self-orthogonal quaternary ode generated by a weighing matrix W (n; 4) (neven) is a tetrad ode.
5
A tetrad ode is equivalent to a diret sum of odes taken from a list of seven quaternaryodes: D2m;DÆ2m;D+2m;D2m(m = 1; 2; : : :); E7; E+7 ; E8(see Theorem 1 of [5℄). Thus the building bloks of the quaternary odes generated by weighingmatries W (n; 4) are known. Consulting Fig. 2 of [5℄ we onlude that the quaternary ode inExample 1 is equivalent to the ode D4 A21.Proposition 2 If the tetrad ode C generated by a weighing matrix W (n; 4) (n  6, even) hastype 4(n 4)=224 then it is a self-dual ode.Proof. By Lemma 2 C is a self-orthogonal ode (C  C?). Sine C? has type 4n (n 4)=2 424(see [5℄) we onlude that C? ontains the same number of ode vetors as C. Thus C = C?.4 Eulidean weightsReall that the Eulidean weights of the elements 0,1,2 and 3 of Z4 are: 0,1,4 and 1 respetively.The Eulidean weight of a quaternary ode vetor is the rational sum of the Eulidean weightsof the omponents of the ode vetor. The minimum Eulidean weight dE of a quaternary odeis the smallest Eulidean weight of all the nonzero ode vetors of the ode.The Eulidean weights of row vetors of a generator matrix of a self-dual tetrad odeW (n; 4)are equal to 4 and therefore are not divisible by 8. In the terminology of Bannai, Dougherty,Harada and Oura [1℄ these are Type I odes.The onept of a shadow for Type I odes over rings Z2k was introdued in [1℄. This isdened in terms of the 4k-weight subode C0, and for quaternary (k = 2) Type I odes this isthe subode onsisting of all the ode vetors whose Eulidean weights are divisible by 8.Proposition 3 If the tetrad ode C generated by a weighing matrix W (n; 4) (n even) is a self-dual ode then the Eulidean weights of all the ode vetors of are divisible by 4. C has as manyode vetors with Eulidean weights divisible by 4 as ode vetors with weights divisible by 8.Proof. Let t (of shape (14; 0n 4)) be any generating tetrad of C and C0 the 8-weightsubode. By Lemma 2.3 of [1℄ C0 is a linear subode of index 2 in C. Thus we obtain the osetdeomposition C = C0 [ fC0 + tg: (1)Now by Lemma 2.2 [1℄ wtE( + t)  wtE() + wtE(t) (mod 8),  2 C0. Sine wtE(t) = 4it follows that wtE( + t) is divisible by 4. The last assertion is a onsequene of the osetdeomposition (1).In a linear quaternary ode the torsion ode E is the subode onsisting of ode vetorswhose omponents are even.Proposition 4 In a self-dual tetrad ode C generated by a weighing matrix W (n; 4) (n even)the intersetion of the 8-weight subode and the torsion ode C0T E has index 2 in E.
6
Proof. We rst show that C0 6 E . Let x and y be two tetrad row vetors of a weighingmatrix W (n; 4). Then by Lemma 2.1 of [1℄ the Eulidean weight of the sum of these two vetorssatises wtE(x+y)  wtE(x)+wtE(y) (mod 8). Sine wtE(x) = wtE(y) = 4, x+y belongs toC0. The omponents of x+ y are either: all odd, or are a mixture of even and odd omponents.In either ase x+ y does not belong to E .We onlude that C = C0 + E : (2)The isomorphism CC0 = EC0T E and Lemma 2.3 of [1℄ now establish our assertion.Proposition 5 The Eulidean weights of ode vetors of the self-orthogonal quaternary odegenerated by a weighing matrix W (n; 8) (n even) are divisible by 8.Proof. The row vetors of W (n; 8) are mutually orthogonal and their Eulidean weights areequal to 8. Hene by Lemma 2.2 of [1℄, the Eulidean weights of all the ode vetors of thequaternary ode generated by W (n; 8) are divisible by 8.We onlude from Proposition 5 that if W (n; 8) generates a self-dual quaternary ode, thenthis is a Type II ode. By [2℄ this an only our only when the length n of the ode is a multipleof eight.5 Linearity of the Gray imageWe now study binary images under the Gray map of the tetrad odes. The Gray map  : Zn4 !Z2n2 maps a quaternary ode C of length n onto a binary (but not neessarily linear) ode (C) oflength 2n as: 0! (0; 0); 1! (0; 1); 2! (1; 1); 3! (1; 0): We also require the map  : Z4 ! Z2dened by () = 0 if  = 0; 2 and () = 1 if  = 1; 3. This map extends to quaternary vetors(see Hammons et al [9℄).Lemma 4 Let C be a quaternary ode generated by a weighing matrix W (n; 4) and E the torsionsubode. If e 2 E and t is a tetrad row vetor of W (n; 4) then (e+ t) = (t).Proof. Whenever a omponent of the vetor e is equal to 2 and oinides with and oddomponent (1 or 3) of t, the orresponding omponent of e + t is:  = 2 + 1 or 2 + 3. Hene() = (2) + (1) = (2) + (3). Similarly,  is additive in the ase that a 2 omponentoinides with a 0 omponent of t.In order to prove that the binary image (C) is a linear ode, we need to show by Theorem5 of [9℄ that a; b 2 C ) 2(a)  (b) 2 C (3)( denotes the omponent wise produt of vetors).Proposition 6 If ondition (3) holds for the generating tetrads of W (n; 4) then (C) is a linearode.Proof. The subode generated by E and the t1; : : : ; tn (the tetrad generators) is the wholeode C. So by Lemma 4 ondition (3) needs only to be heked for the tetrad generators.We now show that binary images (C) of Type I odes are formally self-dual odes (see Fieldset al [7℄). 7
Theorem 1 If the binary image (C) of a self-dual quaternary ode C of type 4(n 4)=224 (n  6,even) generated by a weighing matrix W (n; 4) is a linear ode, then this is a formally self-dual[2n; n; 4℄ ode.Proof. By hypothesis, C has type 4(n 4)=224 = 2n and (C) is a linear ode. Hene (C) is a[2n; n; d℄ ode. Sine C is a self-dual quaternary ode we have that (C) = (C?). This impliesthat the weight distributions of these odes are the MaWilliams transforms of one another (see[9℄). Hene (C) is a formally self-dual ode.We still have to prove that the minimal Hamming weight d of (C) is 4. For any two tetradrow vetors x and y ofW (n; 4) (the generators of C), we have that wtE(x+y)  wtE(x)+wtE(y)(mod 8); f. Lemma 2.2 [1℄. Sine Eulidean weights of these generators are equal to 4, it followsthat the Eulidean weight of any nonzero ode vetor a of C other than a generator is greaterthan 4. Hene the Hamming weight of (a) is greater than 4. However the Hamming weight of(t) where t is a generator of C is 4, hene d = 4.6 Examples of odesIn this setion we onsider examples of quaternary odes generated by the W (n; 4) for n = 8 upto 20 and their Gray images.The quaternary odes generated by the weighing matries given below have types 4(n 4)=224hene by Proposition 2 they are self-dual odes.There are three equivalene lasses ofW (8; 4). Type A, Type B and Type C are the matries:26666666666664
3 1 1 1 0 0 0 01 3 1 1 0 0 0 01 1 3 1 0 0 0 01 1 1 3 0 0 0 00 0 0 0 3 1 1 10 0 0 0 1 1 1 10 0 0 0 1 1 3 10 0 0 0 1 1 1 3
37777777777775
26666666666664
3 1 1 1 0 0 0 01 1 0 0 3 1 0 01 0 1 0 1 0 3 01 0 0 1 0 3 1 00 1 3 0 1 0 0 10 3 0 1 0 1 0 10 0 1 3 0 0 1 10 0 0 0 1 1 1 3
37777777777775
26666666666664
1 1 3 1 0 0 0 01 1 1 3 0 0 0 03 1 0 0 1 1 0 01 3 0 0 1 1 0 00 0 1 1 0 0 3 10 0 1 1 0 0 1 30 0 0 0 3 1 1 10 0 0 0 1 3 1 1
37777777777775The binary image of the matrix of Type A generates an isodual [16; 8; 4℄ ode with weightenumerator W (x; y) = x16 + 28x12y4 + 198x8y8 + 28x4y12 + y16:The binary image of the quaternary ode orresponding to a Type B matrix generates a[16; 11; 4℄ ode (the dual of the rst order Reed-Muller ode). Hene the binary image is notlinear. The binary image of the quaternary ode orresponding to a Type C matrix is linear. Itgenerates an isodual [16; 8; 4℄ ode with weight enumeratorW (x; y) = x16 + 20x12y4 + 32x10y6 + 150x8y8 + 32x6y10 + 20x4y12 + y16:For n even n = 10; : : : ; 20 the quaternary odes generated by weighing matries C(n; 4) alsohave linear Gray images and hene are f.s.d [2n; n; 4℄ odes.8
7 ConlusionTo summarize, we have obtained f.s.d [2n; n; 4℄ odes as linear binary images of quaternary odesgenerated by weighing matri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